This paper extends the two-grid discretization scheme of the conforming finite elements proposed by Xu and Zhou (Math. Comput., 70 (2001), pp.17-25) to the nonconforming finite elements for eigenvalue problems. In particular, two two-grid discretization schemes based on Rayleigh quotient technique are proposed. By using these new schemes, the solution of an eigenvalue problem on a fine mesh is reduced to that on a much coarser mesh together with the solution of a linear algebraic system on the fine mesh. The resulting solution still maintains an asymptotically optimal accuracy. Comparing with the two-grid discretization scheme of the conforming finite elements, the main advantages of our new schemes are twofold when the mesh size is small enough. First, the lower bounds of the exact eigenvalues in our two-grid discretization schemes can be obtained. Second, the first eigenvalue given by the new schemes has much better accuracy than that obtained by solving the eigenvalue problems on the fine mesh directly.
Introduction
Xu [10] [11] [12] first proposed two-grid discretization methods for nonsymmetric and nonlinear elliptic problems. Later, Xu and Zhou [13] proposed a two-grid discretization scheme of conforming finite elements for eigenvalue problems. In [14] , Xu and Zhou proposed some local and parallel finite element algorithms based on [13] . Yang [15] extended the method in [13] to the Wilson nonconforming element and demonstrated by numerical experiments that the first eigenvalue given by the two-grid discretization scheme approximates the exact eigenvalue from below and has much better accuracy than that obtained by solving the eigenvalue problem on a fine mesh directly.
In this paper we will discuss two-grid discretization schemes of the nonconforming finite elements for any n-dimensional eigenvalue problems. We propose a new two-grid discretization scheme (see Scheme 1) and extend the scheme in [13, 15] (see Scheme 2) . Using these two new schemes, the solution of an eigenvalue problem on a fine mesh is reduced to the solution of an eigenvalue problem on a much coarser mesh and the solution of a linear algebraic system on the fine mesh and the resulting solution still maintains an asymptotically optimal accuracy. Comparing with the two-grid discretization scheme of the conforming finite elements (see [13] ), the main advantages of our new schemes are twofold when the mesh size is small enough. First, the lower bounds of the exact eigenvalues in our two two-grid discretization schemes can be
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Let π h be a mesh of Ω with the mesh size h, and V h be a nonconforming finite element space on π h , V h ⊂ W and V h ⊂ V . The nonconforming finite element discretization of (2.1) is given by:
where a h (·, ·) is an approximation to a(·, ·).
Assume that a h (·, ·) is uniformly V h -elliptic, symmetric and continuous, and · h is a norm on
It is clear that (2.1) and (2.2) are equivalent to
and
respectively. Using the facts that the bilinear forms a(·, ·), a h (·, ·) and b(·, ·) are symmetric, continuous and V ⊂ W with a compact imbedding, one can prove that T is self-adjoint completely continuous operator and T h are self-adjoint operators of finite rank (see [2] ). In fact,
It is also known that the spectrum of (2.1) consists of an infinite sequence of isolated real eigenvalues with finite algebraic multiplicity,
In the sequence {λ k }, the λ k are repeated according to algebraic multiplicity, and the corresponding eigenspaces are denoted by
Moreover, the spectrum of (2.2) consists exactly of N h = dimV h real eigenvalues,
We make the following assumptions. C1: {T h } is a family of operators satisfying
C2: For the nonconforming finite element approximation of the source problem corresponding to (2.1) with the right hand side b(f, v), there exist three positive constants C, q 1 and q 2 (q 1 ≤ q 2 ) independent of h and f ∈ W , such that the following error estimates hold:
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The above conditions are satisfied for most of the nonconforming finite elements in practice. Assume the algebraic multiplicity of λ k is equal to q, i.e.,
Let M h (λ k ) be the direct sum of the eigenspaces of (2.2) corresponding to eigenvalues λ j,h that converge to λ k . Let the eigenfunctions {u j,h } be an orthonormal basis for M h (λ k ) with u j,h b = 1. Writeλ
Throughout this paper, we shall use the letter C to denote a generic positive constant independent of mesh size h, which may stand for different values at its different occurrences.
Combining (2.8) with (2.9), Lemma 2.2 is proved.
Two Two-Grid Discretization Schemes
It is well-known that the Rayleigh quotient has higher accuracy. In fact, if
The problem is how to solve T u k,H . It is a natural method to take T u k,H ≈ T h u k,H , which gives the following two-grid discretization scheme.
Step
Step 2. Solve a boundary value problem corresponding to (2.1) on fine mesh
Step 3. Compute the Rayleigh quotient
Note that we have u *
The following scheme further develops the two-grid discretization scheme established by Xu and Zhou [13] .
Step 1. Solve an eigenvalue problem
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Step 3. Compute the Rayleigh quotient 
Proof. Letλ k,h andū k,h be of the form (2.5). By Lemma 2.1 we can obtain for all
From C1 we conclude that the {T h } is uniformly bounded. Thus
By the definition of T h , Schwarz , s inequality and (2.8) we have
and hence
Using (3.9), (3.10) and (2.7) we get (3.5). From (3.9), (2.7) and (2.8) we get
From (3.5) and Lemma 2.1 we get 
Asū k,h is of the form in (2.5), we conclude
where
Using a similar way we can obtain
By the above two relations it follows that
and dividing by b(u * k,h , u * k,h ) on both sides of the above identity, we deduce
It follows from (3.8) that
Using (3.12), (3.13) and (3.8) gives (3.6).
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By C1 we can deduce that T h − T b ≤ C, and hence
By the above inequality, combining (3.1) with (2.8) we obtain (3.7). 
Proof.
By (2.3) and the identity u *
Hence,
The conclusion follows by subtracting 
Proof. The desired results can be obtained from Lemma 2.1, Theorem 3.1 and C2.
Applications
We will need regular mesh in the following usual sense (see [3] , p. 131):
Regular mesh: A family of meshes π h is regular if there exists a constant σ > 0 such that
where h e = diam(e), ρ e = sup{diam(S) : S is a ball contained in e}.
Let W s,p (Ω) be the usual Sobolev space with the norm · s,p and the semi-norm
Wilson nonconforming element
Consider the following eigenvalue problem:
The weak form of (4.1) is (2.1), where Ω is rectangular domain,
and u b = u 0 . Let π h be a rectangular mesh of domain Ω and let V h be the Wilson nonconforming element space on π h . The Wilson nonconforming element approximation of (4.1) is (2.2), where Proof. From [3] , ∀f ∈ L 2 (Ω), we have
for the Wilson element approximation of the associated source problems. And from well-known a priori estimate for elliptic problems on polygonal domain (see [4] ), there exists a constant M independent of f and h, such that
Therefore, C2 is satisfied with q 1 = 1 and q 2 = 2. Consequently,
i.e., C1 is satisfied. The desired results are obtained from Theorem 3.4. Recently, Zhang et al. [18] proved that, when Ω = (0, a) × (0, b) is a rectangular domain and π h is a regular rectangular mesh, the Wilson nonconforming element eigenvalue provides lower bound of the exact eigenvalue for small enough mesh size. Yang [15] extended the method in [13] to Wilson noncconforming element, and showed by numerical experiments that the first eigenvalue of two-grid discretization scheme approximates exact eigenvalues from below and has much better accuracy than the first eigenvalue which is obtained by solving the eigenvalue problems on a fine mesh K h directly. In the following theorem, we shall prove this result. 
Proof. It follows from the proof of Theorem 4.1 that C1 and C2 are satisfied with q 1 = 1 and q 2 = 2. From Lemma 3.8 in [5] , we have
where the eigenfunction is known as
Therefore, ∂ 11 u k ∂ 22 u k > 0 on Ω, and we have
It follows from (3.17a) and (3.17f) that
By the above three relations we get
By (3.17a) and (3.17d) we get
By (3.17b) and the interpolation error estimate (see [3] ), we get
Combining the above four relations and (3.14), when h is of lower order than H 2 , the sign of λ k − λ k,r is determined by the first and second term on the right hand side of (3.14). Therefore, the eigenvalue λ k,r gives lower bound of the exact eigenvalue λ k for sufficiently small H. Consequently, from Theorem 3.3 we get (4.2) and (4.3).
Crouzeix-Raviart Nonconforming Element
Consider eigenvalue problem (4.1) and its weak form (2.1), where Ω ⊂ R 2 is a polygonal domain with the maximum internal angle ω.
If ω > π, we denote r 0 = π ω , r < r 0 and sufficiently close to r 0 , p = 2/(2 − r); and if ω < π, we denote r 0 = r = 1 and p = 2.
Let π H and π h be regular triangular meshes of Ω, and V h be the piecewise linear CrouzeixRaviart nonconforming element space on π h . The Crouzeix-Raviart nonconforming element approximation of (4.1) is (2.2). 9.61918 9.63797 9.63802 9.63798
Armentano and Duran [1] proved that
Combining the above four relations and (3.14), when h = (H 2−δ ) we conclude that the sign of λ k − λ k,r is determined by the second term on the right hand side of (3.14). Therefore, the eigenvalue λ k,r gives lower bounds of the exact eigenvalue λ k for sufficiently small H. Consequently, from Theorem 3.3 we get (4.4) and (4.5). Figure 4 .1 we show an initial mesh, and refine the initial mesh in a uniform way (each triangle is divided into four congruent triangles) to get meshes π H and π h . We compute the first eigenvalue by MATLAB 6.5. The numerical results are shown in Table 1 .
From Table 4 .1 we see that both λ 1,r and λ 1,s not only give lower bounds of the exact eigenvalue λ 1 , but also have much better accuracy than that for the λ 1,h . 
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